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In this experiment we study standing waves on a long rubber band stretched between fixed
supports. These standing waves are similar to those produced in a guitar string when it is plucked,
except that in the present experiment, we will continuously drive them so that they will not die out.

If one end of a long rubber band is subjected to forced periodic vibrations, traveling waves will
propagate down the rubber band with velocity

\F
V= [—
Y7,

where T is the tension in the rubber band and x is the mass per unit (stretched) length of the rubber
band. The wavelength 1 is related to the frequency f of the driving force and the velocity of
propagationvasA=v/ f

Waves reflecting off the far end of the rubber band interfere with incident waves, and for
certain driving frequencies a stable pattern emerges, characterized by fixed points of destructive
interference (nodes) and constructive interference (anti-nodes). The condition for this to occur is

L= n% ,withn=1, 2, 3, ... (integer)

This tells us that only certain wavelengths (and thus only certain frequencies) can exist as stable
patterns of excitation. These stable patterns are known as the “normal modes” of vibration of the
system. We say that the system is “quantized.” [This happens all the time in the atomic world,
described by quantum mechanics, where particles have wave properties.]
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Features of standing waves such as nodes and antinodes can also be observed in a spring that
is fixed at one end and vibrated at the other end. A longitudinal wave sent down the length of a
spring can be seen as a zone of compression followed by a zone of rarefaction. The wave will
eventually reflect off of the other end of the spring and travel back.

e

anti-node

V'

Compre

(b)
Fig. 13 Longitudinal standing wave in a spring

If a second wave is travelling out as the first wave is travelling back, the two waves will
interfere with one another. If one end of the spring is oscillated at certain frequencies, a standing
wave (or resonance) appears in the spring as shown in Fig.12. One then sees points on the spring
which are standing still (nodes) and other points which are oscillating vigorously (antinodes).

Increasing the frequency of oscillation of the spring will make the spring oscillate chaotically.
As the frequency of oscillation approaches another resonant frequency, standing waves again
appear on the spring. This new oscillation mode (or standing wave pattern) has one more node than
the previous one.
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Fig. 14 The vibrating motion of the spring varies with the oscillating frequency increasing: (a)
Resonance with a lower-order oscillating mode, (b) Chaotic oscillation, (c) The other resonance
with a higher-order oscillating mode than that in (a).
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Ernest Florens Friedrich Chladni (1756 - 1827) performed many experiments to study the
nodes of vibration of circular and square plates, generally fixed in the center and driven with a
violin bow. The modes of vibration were identified by scattering salt or sand on the plate, these
small particles end up in the places of zero vibration. Ernst Chladni first demonstrated this at the
French Academy of Science in 1808, it caused such interest that the Emperor offered a kilogram of
gold to the first person who could explain the patterns. Fig. 16 is a drawing from Chladni's original
publication for the resonance patterns of a square plate and violin-shape plate. Fig. 17 is the Chladni
patterns of a square plate published by John Tyndall in 1869.

Chladni patterns are a classic resonance demonstration in a 2 dimensional plate. You can
visualize the nodal lines of a vibrating elastic plate by sprinkling sand on it: the sand is thrown off
the moving regions and piles up at the nodes. Normally, the plate is set vibrating by bowing it like a
violin. It helps to put your fingers on the edge to select the mode you want, much like fingering the
strings of a violin. This takes some practice.
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Fig. 16 The resonance patterns of a violin-shape plate and a square plate were drawn from
Chladni's original publication.
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Fig. 17 Chladni patterns published by John Tyndall in 1869.

The basic experiment that is given the name "Chladni" consists of a plate or drum of some
shape, possibly constrained at the edges or at a point in the center, and forced to vibrate historically
with a violin bow or more recently with a speaker. A fine sand or powder is sprinkled on the surface




and it is allowed to settle. It will do so at those parts of the surface that are not vibrating, namely at
the nodes of vibration.

(1) Standing wave on a square Chladni plate (side length L)

The equation for the zeros of the standing wave on a square Chladni plate (side length L)
constrained at the center is given by the following.

cos(nmx/L)-cos(mmy/L) - cos(mnx/L)-cos(nmy/L) =0

where n and m are integers. The Chladni patterns for n, m between 1 and 5 are shown in Fig. 18,
click on the image for a larger version or click on the "continuous™ link for the standing wave
amplitude maps. Note that the solution is uninteresting for n = m and the lower half of the table is
the same as the upper half, namely (n1, m2) = (n2, m1).
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Fig. 18 Various Chladna patterns on a square plate. (] 18 & = )T cn i s £ Bl %)

Without the constraint in the center the modes are somewhat less interesting, the results are
shown in Fig. 18 for m =1 and n = 1 to 4. The solution is given by:

sin(nrx/Ly)-sin(nmty /L,) = 0

1

FTTW'

Zero -- Continuous Zero -- Continuous Zero -- Continuous Zero -- Continuous

Fig. 19 The Chladna patterns on a square plate form=1and n =1 to 4.

(2) Circular plate
For a circular plate with radius R the solution is given in terms of polar coordinates (r, 6) by
Jn(Kr) [C1 cos(n) + G, sin(nd)]

Where J, is the n'th order Bessel function. If the plate is fixed around the rim (eg: a drum) then K =
Znm | R, Znm 1s the m'th zero of the n'th order Bessel function. The term "Z,,, r / R™ means the Bessel
function term goes to zero at the rim as required by the constraint of the rim being fixed.

Some examples of the node of a circular plate are given in Fig. 20.
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Fig. 20 The Chladni patterns and the nodes of a circular plate

You can make a nice modernized version of this demonstration using an electromagentic
shaker, essentially a powerful speaker. Chladni patterns can also be formed by using circular or
rectangular metal plates on a mechanical driver controlled by a signal generator. This method
avoids having to practice your bowing. The patterns are now different since they have antinodes at
the center (which is being vibrated) rather than nodes with the center rigidly attached and the edge
bowed.

Using electromagnetic shaker you can vibrate much larger plates to much higher and purer
modes. The shape of the plate is important. The usual demonstrations are round and square plates.
Here are some sample patterns: all the plates were 0.125 inch thick Aluminum, painted black.

(1) Round plate (70 cm across, held at centre, bowed): 10 spoke pattern, 14 spoke pattern
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Fig. 21

(2) Square plate (70cm on a side, driven from centre with shaker, frequencies in Hz):
(@) 142.2 Hz , (b) 225.0 Hz, (c) 1450.2 Hz, (d) 3139.7 Hz, (e) 3678.1 Hz, (f) 5875.5 Hz .
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Fig. 22

A more interesting shape is a stadium: a square with rounded endcaps.
(3) Stadium plate -70cm across, driven from centre with shaker, frequencies in Hz)

387.8,519.1, 649.6 , 2667.3 , 2845.0 ("superscar") , 3215.0, 4583.0 , 6005.3 , 7770.0 ("bow
tie mode").



http://www.physics.utoronto.ca/nonlinear/chladni/square_142.2.jpg
http://www.physics.utoronto.ca/nonlinear/chladni/square_1225.0.jpg
http://www.physics.utoronto.ca/nonlinear/chladni/square_1450.2.jpg
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http://www.physics.utoronto.ca/nonlinear/chladni/stadium_3215.0.jpg
http://www.physics.utoronto.ca/nonlinear/chladni/stadium_4583.0.jpg
http://www.physics.utoronto.ca/nonlinear/chladni/stadium_6005.3.jpg
http://www.physics.utoronto.ca/nonlinear/chladni/stadium_7770.0.jpg

(4) Finally, getting back to our musical roots, we built a plate in the shape of a large violin. Here are
some patterns:
«Violin shaped plate (120cm long, driven from centre with shaker, frequencies in Hz)
145.2 ,268.0, 762.4 ,954.1 ,1452.3 , 1743.5, 2238.6 .

Fig. 24
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http://www.physics.utoronto.ca/nonlinear/chladni.html: Examples with round, square,
stadium plates and violin shapes

http://www.physics.montana.edu/demonstrations/video/3_oscillationandwaves/demos/chl
adniplates.html: Chladni plates

http://local.wasp.uwa.edu.au/~pbourke/surfaces_curves/chladni/index.html: Chladni Plate
Mathematics by Paul Bourke

http://www.fas.harvard.edu/~scidemos/OscillationsWaves/BigChladniPlate/BigChladniPI
ate.html: Electromagnetically driven Chladni plate

http://www.violin-maker.co.uk/construction.html:  Use of Chladni patterns in the
construction of violins

http://www.phys.unsw.edu.au/~jw/guitar/guitarchladni_engl.html: Chladni patterns for
guitar plates

http://www.zipped.org/index2.php?&file=cool.salt.wmv: A vibrating table, sprinkled with
salt, forming Chladni patterns.
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PASCO WAO9867 i+ 5% /4 2 4 % (Sine wave generator) » ik % crié * L L Rl o

(3) AR ESW -

(Banana plug connector)

HEHE

(Driver arm)

\J} EBHBBUER (1) REER
Fuse
» NOTE:

The fuseholder must be
screwed 1n all the way for
the dniver to operate.

(Driver locking tab

(5) [EHEERZ BN
(Connectamplified signal from

waveform generator)

PASCO SF-9324 <] 45 /) 258 5 415 B

WAL PASCO SF-9324 = %47 + 5 b 5p+ B (Hf fam > k)2 248 (1) "% 3k (Fuse), (2)5%
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# 4 7 1% (Driver locking tab), (3)4 E 7|4z (Banana plug connector), (4)5%#: & (Driver arm),
O Ensiid B2 s i ,u_'rﬁsie?l » =8 (Connect amplified signal from waveform generator) - /.
P RE RIS - FARERFEESRE IR Y "I’? WEE S EL o

@y

Power Output

S i n e Wa V e Standard banana jacks allow the Sine Wave Generator to
be easily connected to other devices
Generator

WA-9867

@mastnre

Frequency Increments
Use these buttons to store a frequency incre-
ment and scan through a frequency range by
this increment.

OFP T

Power switc

Sine Wave Output up to 800 Hz

Ideal for Driving Speakers and
Wave Drivers ®’f§3‘ BT %
Auto-Scan of Resonant LED Display

Frequencies Red LEDs make the
display easy to read

with 0.1 Hz resolution.

Oruware
Amplitude

Vary the amplitude of
the sine wave.

The Sine Wave Generator is an effective tool for generating waves

with speakers or wave drivers. It enables users to change both the Frequency
frequency (0-800 Hz) and amplitude of the sine wave output. Both Adjustment
fine and coarse frequency controls are included and the digital display Change the frequency

features a 0.1 Hz resolution. In addition, the generator can “learn” the by 1 Hz or 0.1 Hz increments.

fundamental frequency for a particular configuration. Students can
observe the quantum nature of standing wave patterns as the Sine

Wave Generator jumps from one resonant frequency to the next. /;ﬁ&
BIA2 PASCO WAQ9867 52k & 4 % » 2 54 & 4= F 5 0 - 800 Hz - OPower switch: T /& #
i ; @Power Output @ 3 ’%/iﬁi%l drzg o @ h R g EAIFEER BATR 2t 5% 13 %”i%l LABNE S
% ° @ LED Display : #; ! 2 5.2 47 5 &7 & = | @ Frequency Adjustment : 5 SLAT 5 33 3K
oo 28 h s X1Hz S48+ 8% 5 X01Hz o9 53 4 £ - © Amplitude :
2 5LdR tg B4 © Frequency Increments @ b & 4 0 RE AR 5 e 4o B o8 S AR on

e
S ERERERD S

FE 0 Rl G B (A RrRlG KT L
AR 11§ SR R RA L B T B A L2 ik B
PR EZRPER AR TETE 2w

Mounting the Mechanical Wave Driver
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ERNT T3 N T PR

TR SRR b g AR Y o RIS L 4 BRI ~ Spd A7 (Driver arm)
@ﬁ’@%%ﬁﬁﬁﬁoﬁMfiﬁm@%i%%®er%%%%§mﬁmo+?u&:
EF ST iR BcH Y - S NI K- B ER(EBE )RR ERER

oo RS g BR() R ARG RE ST AL RSk AR I FRALER R

(sideways force) ¥ 2 Sp#AF 1t o dek i B/H 7 7 %4 hwMEBIFRFT » ZRAIcH 9757 »
AR BT KT R - lB?ﬁmA#%ﬁ— RABREEL o

NOTE: Avoid putting a sideways force on the
driver arm. If you are driving a wire or string that
has tension, attach the end of the wire or string to
a sturdy support as shown below.

String or wire

Support under tension
rod i

T Banana plug
connector

CORRECT

T Mechanical
wave driver

DO NOT ATTACH
STRING OR WIRE
DIRECTLY TO THE
MECHANICAL
DRIVER!

INCORRECT

BIAL B EPIIR S K2 Sph AF b cnl iR o2 ahn LW AR @A ERRe
4 (sideways force) it * % Zpd AF + o do b T7H 2 F R4 hmAN B I IRT > ERAR AT
BB RE KT s - B E ;I%;_gg_p o

o~ JRE R FRE NG R (S R R RS KRR

1. L-ardmds 88 enspde AP 5 22 B T 45 2 (Lock) | e B > 12 & Spfs AR (4% f gl
FoRAE o drpt E SRS RF AR B R P T R BRI SRS fh > F) 0 Nk
Fechbs (3% @ & 2 SF G o

2. % hefl A5 frr RIED RO end EE AR 0 MRS T REL T AR IE
E PR RNSpH A o

FIAS 4 E 4146 » 3% 4% 57 (banana plug connectors) » i firf| w24 + (speaker terminals)
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Hek= B R 3 RS #53](Bohr’s model of an atom)

7O %k e 2k ¢ http.//www.exo.net/~pauld/activities/energylevelmodel/bohratom.html

Did you ever wonder why the negatively charged electron doesn't just fall toward the
positively charged proton in a hydrogen atom?

The answer to this question using classical physics from the 19'th century is that the electron
does fall toward the nucleus. But it misses! This is the essence of an orbit. Just as the moon falls
toward the earth because of gravity, and yet is moving to the side so that it never strikes the earth,
so the electron orbits the proton.

The potential energy curve for an electron orbiting a proton.

Plus a circle representing an orbit.

However, there was another question, when an electron orbits in a circle it emits
electromagnetic radiation. This radiation removes energy from the orbiting electron causing it to
spiral into the proton in a millisecond or so.

The Bohr model used the quantum mechanical concept that an electron travels as a probability
wave. The wavelength of the electron wave depends on the velocity (and so the kinetic energy) of
the electron, higher energy electrons have shorter wavelengths. If the electron orbits an atom as a
wave, then something special happens when one wave exactly fits around an orbit.

This standing wave does not lose energy by radiation. The same thing happens when two, three
or any integer number of waves fit around the atom. These standing waves define the energy levels
and diameters of the orbits of electrons around protons. The standing wave condition allowed the
Bohr model to explain the energy levels in the hydrogen atom.

Math Root
There are several related mathematical bits needed here.
The potential energy, V, of the electron of charge, -e, around a nucleus with charge, Ze, as a

function of distance, r, is:

V = - kZe?/r, where k = 1/4ne, the coulomb constant, 9 x 10° N-m?/C?.



http://www.exo.net/~pauld/activities/energylevelmodel/bohratom.html

The smaller the radius the larger the depth of the electrical potential energy is. Cut the radius in half
and the depth of the potential energy curve doubles.

For hydrogen where Z = 1, we can group all the constant terms together in parentheses and
find
V = -(kze?)/r.

The kinetic energy of an electron is

KE = (1/2) mv?
where m is the mass of the electron. But in a circular orbit the velocity must have a value so that the

centripetal force is provided by electrical attraction. The magnitude of the electric force is the
classic inverse square law of Coulomb.

F = kze’Ir®
The magnitude of the centripetal force needed to hold a mass in a circular orbit is, F = mv?/r, set
these equal and solve for v then use v to find kinetic energy.
F = kze/r* = mv¥/r
So the kinetic energy as a function of radius is: KE = (1/2) kze?/r

The Kinetic energy is opposite in sign to the potential energy and has half the magnitude.
This is true for all circular orbits in inverse square force fields. The total energy as a function of
radius is:

E =V +KE = -(1/2) kze?/r

To change radius a particle must gain or lose energy, i.e. if r changes then the total energy E
must change. The interesting thing is that there are certain orbital radii which are stable in atoms.
To understand these we must learn about the wave properties of electrons. An electron travels as a
wave, a wave of probability density, that is, a wave in the probability of finding and electron.

The relationship between the kinetic energy of an electron, Kg, and its wavelength, L

L = h/(2mKg)*®
where h is Planck’s constant, 6.6 x 10 Js. So the wavelength is inversely proportional to the
square root of the energy. If an integer number of waves fit in a circle about the nucleus then nL =
2mr, substituting for L = 2zr/n. Then
nh/(2mKe)*®=2rr  —  Kg = n’h?/(2man’® r%)
Now to find the radius at which there are n wavelengths in the circumference of the orbit, set the
two equations for Kg equal and find
n’h*/(8mz’ r’) = (1/2) kZe’Ir

To solve for r
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r = (h¥/4n’ke®)n*/Z
To gather all the constant stuff in the parentheses. The neat stuff outside the parentheses shows that
the radius increases as the square of the number of wavelengths, n, and decreases inversely with

the nuclear charge Z. The energy levels are inversely proportional to r so the potential energy, E,, of
level nis

En = -(4n’mk®e*/2h?)Z%/n?
So for hydrogen if we call the energy of the first energy level, with n = 1, E1 = -1. Then the next

energy level E2 = -1/4 and the next E3 = -1/9. This is close to what is actually observed and was a
triumph for the Bohr model.

Going Further

Sine waves are very useful curves. Mr. Fourier discovered that they can be added together to
create periodic functions of any shape. However, in three dimensions the basic shapes of nature
needed to assemble all rotationally symmetric shapes were more complicated. The spherical
Legendre Polynomials. Schrodinger used these basic shapes in three dimensions to more accurately
model the wave functions of electrons around atoms. These are the orbitals used to explain energy
levels in modern quantum mechanics.

- s - aEkai L B % 37T % 37T |



